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Local mechanical description of a 
single elastic fold

Local mechanical description of an Elastic Fold
Jules et al, arXiv:1808.04892
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Micron-sized autonomous origami machine,
Minsink et al. PNAS 2018

Deployable starlight shield,
NASA, 2018

Microscale Macroscale

20 µm
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Faces

Crease

Single fold Multiple creases

Miura-Ori cell,
Liu et al, IJMS 2015
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Miura-Ori pattern
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Faces deform Crease has a spatial 

extension

Single elastic fold
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Experiment : Single fold under external load

Faces deforms Crease has a spatial 

extension

Single elastic fold

• Shape of the 
deformed fold ?

• Define a crease
rigidity ?
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Continuous fold model

S: Curvilinear coordinates.

Θ(S): Angle between local tangent and horizontal line

Ψ: Macroscopic crease angle
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����ௗ�ܧ = ��ʹ ሺ �′ሺ�ሻ − �′ሺ�ሻ ሻ ଶ
Plastic crease = Pre-strain

Bending

Rigidity

Local

Curvature

Reference

Curvature

Fold model



RJP 2018,  THÉO JULES
LABORATOIRE DE PHYSIQUE STATISTIQUE, 

ENS DE PARIS
LABORATOIRE DE PHYSIQUE,

ENS DE LYON

Normalized Lagrangian

ℒ = ܮʹ�� න−ଵଵ ሺ�′ � − �′ � ሻଶ �� − න−ଵଵܮ�ܨ cosሺ� � ሻ ��
Elastic Energy External Work

Fold model
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Shape: pre-strained Elastica

�′′ − �′′ − ��ଶܮ�ܨ sin � = Ͳ

Fold model
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Reference Shape 

Fold is put at rest
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Reference Shape 

� � = Ψ − �ʹ tanh ��
Fit by a continuous fonction:

Fold is put at rest
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Experimentally we reach both
compressive (left) and tensile (right) regime.

Deformed Shape 
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Experimental shape

Numerical shape

Good agreement in both cases 
between numerical solutions and 

experimental shapes.

Experimentally we reach both
compressive (left) and tensile (right) regime.

Deformed Shape 



�′′ − �′′ − ��ଶܮ�ܨ sin � = Ͳ

RJP 2018,  THÉO JULES
LABORATOIRE DE PHYSIQUE STATISTIQUE, 

ENS DE PARIS
LABORATOIRE DE PHYSIQUE,

ENS DE LYON

Asymptotic
Analysis



�′′ − �′′ − ��ଶܮ�ܨ sin � = Ͳ

RJP 2018,  THÉO JULES
LABORATOIRE DE PHYSIQUE STATISTIQUE, 

ENS DE PARIS
LABORATOIRE DE PHYSIQUE,

ENS DE LYON

Asymptotic
Analysis



�′′ ا ′′���ଶܮ�ܨ − �′′ − ��ଶܮ�ܨ sin � = Ͳ

RJP 2018,  THÉO JULES
LABORATOIRE DE PHYSIQUE STATISTIQUE, 

ENS DE PARIS
LABORATOIRE DE PHYSIQUE,

ENS DE LYON

Asymptotic
Analysis

Case 1:

�′′ − ��ଶܮ�ܨ sin � = Ͳ
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Case 2:

Asymptotic
Analysis
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�′′ − �′′ = Ͳ
Case 2:

Asymptotic
Analysis

�′′ ب ��ଶܮ�ܨ
ሺ� − �ሻ′ሺܮሻ = ͳܮ ሺ� − �ሻሺܮሻ
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From continuity to discontinuity

End of the crease: S = LcΨ = � + ʹ�ሺܮ)

Mcrease : Moment generated by the crease

�௦ܯ = ��ሺ� − �ሻ′ሺܮ)
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From continuity to discontinuity

End of the crease: S = LcΨ = � + ʹ�ሺܮ)

Mcrease : Moment generated by the crease

At the crease:ሺ� − �ሻ′ሺܮሻ = ܮܮ ሺ� − �ሻሺܮሻ
�௦ܯ = ��ሺ� − �ሻ′ሺܮ)
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From continuity to discontinuity

End of the crease: S = LcΨ = � + ʹ�ሺܮ)

Mcrease : Moment generated by the crease
�௦ܯ = ܮ�� ሺΨ −Ψሻ

At the crease:ሺ� − �ሻ′ሺܮሻ = ܮܮ ሺ� − �ሻሺܮሻ
�௦ܯ = ��ሺ� − �ሻ′ሺܮ)
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From continuity to discontinuity

Crease rigidity

End of the crease: S = LcΨ = � + ʹ�ሺܮ)ܯ�௦ = ��ሺ� − �ሻ′ሺܮ)

Mcrease : Moment generated by the crease
�௦ܯ = ܮ�� ሺΨ −Ψሻ

At the crease:ሺ� − �ሻ′ሺܮሻ = ͳܮ ሺ� − �ሻሺܮሻ
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Other applications
of the model
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Other applications
of the model

Spontaneous
curvature
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Thanks for your attention

Origamis by Jo Nakashima


